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Changes in the law of gravity have far-reaching implications for the formation and evo-
lution of galaxy clusters, and appear as peculiar signatures in their mass-observable
relations, structural properties, internal dynamics, and abundance. We review the out-
standing progress made in recent years towards constraining deviations from General
Relativity with galaxy clusters, and give an overview of the yet untapped information
becoming accessible with forthcoming surveys that will map large portions of the sky in
great detail and unprecedented depth.
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1. Introduction
Gravity has a central role in the formation of galaxy clusters, the most massive
bound structures in the universe.1 These astrophysical objects emerge from the
coherent infall of matter toward the highest peaks of the primordial density fluctua-
tions and, subsequently, evolve through a combination of accretion and hierarchical
merging. Changes in the law of gravity can have dramatic consequences for the
growth of structure across different scales, ranging from astrophysical systems to
the large-scale structure of the universe. Galaxy clusters are at the crossroads of
these two regimes, which makes them ideal laboratories to test theories of gravity
affecting the distribution of matter on cosmic scales while recovering the standard
predictions on small scales.2 Hence, modifications to General Relativity (GR) have
profound implications for the formation and evolution of galaxy clusters, as well
as for their properties. Their abundance, gravitational potentials, shape, and other
bulk properties are all sensitive to the presence of a fifth force. Thanks to their
1
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different components – gas, stars and dark matter – galaxy clusters can be observed
with a variety of techniques and in a broad range of wavelengths, thus providing us
with a wealth of data that are key to discriminate among the numerous alternatives
to GR.
In the following we will review various tests of gravity that use galaxy clusters as
a probe for signatures beyond GR. In sections 2 and 3 we summarise constraints on
modified gravity (MG) derived from cluster counts and cluster mass estimates, two
observables that have been widely employed over the past decade and helped rule out
substantial deviations from standard gravity. In section 4 we present preliminary
studies using the gravitational redshift measured in galaxy clusters as a test of
gravity. Finally, in section 5 we discuss recently proposed tests, some of which will
require data from the next generation of large volume surveys.
2. Cluster Abundance
The abundance of galaxy clusters as a function of mass and redshift is a highly
sensitive probe of both cosmic expansion history and growth of structure formation,
making this an excellent test for departures from GR. In this section we review the
leading studies that have employed cluster abundance data to either examine the
consistency of GR at large scales with observations or constrain specific models of
MG.
2.1. Surveys at different wavelengths
Future and ongoing galaxy cluster surveys in multiple wavelengths should continue
to provide key insights into cosmological gravity. Here we briefly only list cases that
have been or are planned to be utilized for this task, as discussed in this section.
There are various physical mechanisms that allow us to detect galaxy clusters in
different parts of the electromagnetic spectrum. In optical, the observable employed
is number of galaxies (richness) identified as members of a cluster through the so-
called Red Sequence technique,3 which is based on the fact that galaxies in clusters
are older that those in the field. Optical cluster surveys have been built from the
Sloan Digital Sky Survey (SDSS)4,5 and the Dark Energy Survey (DES).6
In X-ray, the strong gravitational pull exerted by the large mass in clusters heats
the gas to high virial temperatures of 107−8 K, at which the diffuse intra-cluster
medium (ICM) emits X-ray photons through primarily collisional processes.7 Us-
ing mainly X-ray flux, spectral hardness and spatial extent as observables, X-ray
cluster surveys are built with a relatively straightforward selection function. Exam-
ples are the ROSAT Brightest Cluster Sample (BCS),8 which covered the northern
hemisphere up to z < 0.3 above a flux limit (FX) of 4.4× 1012 erg cm2 s1 (0.1-2.4
keV), the ROSAT-ESO Flux-Limited X-ray Galaxy Cluster Survey (REFLEX),9
covering the southern hemisphere with z < 0.3 and FX(0.1–2.4 keV) > 3 × 10−12
erg s−1 cm−2, and the Massive Cluster Survey (MACS),10 which extended this work
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to higher redshifts (0.3 < z < 05) and slightly fainter fluxes (for Bright MACS,
FX(0.1–2.4 keV) > 2× 10−12 erg s−1 cm−2).
Other X-ray cluster catalogues, covering much smaller areas than those from the
ROSAT All-Sky Survey (RASS), have also been constructed based on serendipitous
discoveries from pointed observations of the ROSAT mission, such as the 400 Square
Degree ROSAT Position Sensitive Proportional Counter (PSPC) Galaxy Cluster
Survey (400sd).11
Using the Sunyaev-Zel’dovich (SZ) effect, through which clusters are seen as
shadows in the Cosmic Microwave Background (CMB) when its photons scatter off
electrons in the ICM, the South Pole Telescope (SPT), the Planck satellite mission,
and the Atacama Cosmology Telescope (ACT) have also built various SZ cluster
surveys.12–14
2.2. Observational constraints on the consistency with GR
This section describes observational tests of the consistency of GR at cosmic scales
with cluster number count data and other complementary measurements, assuming
that only the mean background density and its linear perturbations could evolve
differently than GR, while non-linear structure formation occurred as in GR. An
additional assumption taken in these analyses was the preservation of the GR prop-
erty of having the same spatial and temporal gravitational potentials, leading to a
unique, underlying cluster mass regardless of the measurement technique used.
Following the cluster abundance analysis of Mantz et al. (2008),15 which pre-
sented the first constraints on dark energy from a cluster counts experiment a,
Rapetti et al. (2009)17 employed a popular model of deviations from the growth
of structure of GR to report also the first constraints from this experiment on the
cosmic linear growth index, γb.19–21
This parameter allows deviations from GR of the linear growth rate of density
perturbations on large scales, g(a), as a function of the scale factor, a, in the form
of a power law as follows,




in which the definition of g(a) is based on δ ≡ δρm/ρm, the ratio of the comoving
matter density fluctuations, δρm, with respect to the cosmic mean, ρm. Ωm(a) =
Ωma
−3E(a)−2 is the evolving mean matter density in units of the critical density
of the Universe, with Ωm being its present-day value and E(a) ≡ H(a)/H0 the
evolution parameter, where H(a) is the Hubble parameter and H0 its present-day
value. E(a) parametrizes the cosmic expansion history such as
aThese results were independently confirmed soon after by Vikhlinin et al. (2009).16
bSee Section 2.3 for details on the first f(R) gravity constraints using this probe.18
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−3 + (1− Ωm) a−3(1+w)
]1/2
, (2)
and w is a kinematical parameter that usually represents the dark energy equation
of state. For analyses with no assumption on the origin of the late-time cosmic
acceleration, w can be used to conveniently and generally fit expansion history data
instead of associating it with a fluid component such as dark energy, matching the
expansion of ΛCDM when w = −1. In a similar fashion, GR is recovered when
γ ' 0.55.c It is worth noting, however, that even though for this w modelling
there are no dark energy perturbations, the γ parametrization of linear growth will
instead be required to account for any additional density fluctuations beyond those
predicted by GR at subhorizon scales, including those relevant for the Integrated
Sachs-Wolfe (ISW) effect of the CMB.17,23
Equations 1 and 2 thereby model the growth and expansion histories, respec-
tively, with γ and w parametrizing simultaneously phenomenological departures
from GR and ΛCDM. Given this linear modelling, the number of dark matter halos







where f(σ, z) is the multiplicity function fitted to N-body simulations. The variance
of the linear matter density field convolved with a top hat window function of radius
R, enclosing a mass M = 4piR3ρ¯m/3, in which ρ¯m is the mean background density,





PL(k, z)|W (kR)|2. (4)
PL(k, z) ∝ knsT 2(k, zt)D(z)2 is the linear matter power spectrum as a function of
the wavenumber, k, and redshift, z, ns the scalar spectral index of the primordial
fluctuations, T (k, zt) the matter transfer function at a redshift zt, D(z) ≡ δ(z)/δ(zt)
the growth factor of linear perturbations normalized at zt, and W (kR) the Fourier
transform of the window function. Thus, the halo mass function (HMF), n∆(M, z),
combines both linear and non-linear descriptions of the cosmic structure formation.
Figure 1 shows the first measurements on the linear w, γ modelling obtained from
cluster abundance data.17 The latter provided low-z constraints on the evolution
of the amplitude of the linear matter power spectrum, conventionally parametrized
with σ8 = σ(R = 8h−1Mpc, z = 0), while data from the high multipoles of the
anisotropies power spectrum of the CMB strongly constrained this amplitude at
cThis value is, however, only acceptable as a GR reference for the current level of constraints. At
higher accuracy, the growth index of GR has small redshift and background parameter dependen-
cies.22
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Fig. 1. Figure taken from Rapetti et al. (2009)17 showing the first constraints (68.3 and 95.4 per
cent confidence regions) from a combination of cluster abundance, CMB, SNIa and fgas data on
a phenomenological model using γ and w (right panel) to allow deviations from GR and ΛCDM,
demonstrating consistency with both at the same time. The left panel shows also the correlation
of the linear growth index γ with another parameter of this model, the mean matter density, Ωm.
high-z (when the Universe was decelerating), and their low multipoles added a
relatively weak constraint from the ISW effect at very large scales. Additional mea-
surements on the expansion history at low-z also came from Supernovae Type Ia
(SNIa) and cluster gas mass fraction (fgas) data sets. The CMB, SNIa and fgas data
helped breaking degeneracies and constraining additional parameters of the overall
cosmological model that otherwise would have been poorly constrained.
These initial results were in good agreement with both GR and ΛCDM, as shown
in Figure 1. Reassuringly for both experiments, Reyes et al. (2010)24 also found
consistency of the standard model with independent, non-cluster data sets using a
different contemporaneous test based on a parameter, EG, that combines measures
of large-scale gravitational lensing, galaxy clustering and structure growth rated.
Recent results of this test26,27 continue to be largely consistent with GR+ΛCDM
despite not statistically significant hints of tensionse, with various studies suggesting
the need for further modelling of observational systematics and theoretical uncer-
tainties.28,29
The X-ray cluster survey data used for the first constraints on γ came from the
aforementioned BCS, REFLEX, MACS and 400sd samples. This work also employed
a mass-luminosity relation calibrated with hydrostatic masses from pointed ROSAT
PSPC and RASS X-ray observations30 at low-z, assuming a self-similar evolution
and a generic, linearly evolving scatter, as well as applying a correction for the bias
dIn addition, using data from Reyes et al. (2010),24 Lombriser (2011)25 also constained w and γ
finding again consistency with the concordance model.
eAmon et al. (2018)27 pointed out that the current tension in Ωm also impacts those in EG.
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due to the assumption of hydrostatic equilibrium. As a consistency check, these
results were compared to others from weak lensing data free of that assumption.
In the γ analysis, an HMF based on GR simulations, from Jenkins et al. (2001),31
was employed to describe the non-linear structure formation. Hence, this analysis
tested only linear density deviations from GR through the calculation of equation 4
while non-linearities were assumed to be standard. Note also that when allowing
the mean curvature energy density to be free, this work found negligible covariance
between Ωk and γ.
In a next generation of these cluster studies, a series of papers32–35 constrained
departures from the standard cosmological model with up to a factor of 2-3 im-
provements32 with respect to the previous results of Mantz et al. (2008)15 using the
same survey data. This analysis incorporated X-ray follow-up data from ROSAT or
the Chandra X-ray Observatory (with a certain overlap between them, useful for
testing purposes) spanning over the same redshift range as the survey data, up to
z . 0.5. The measurements of cluster properties such as X-ray luminosity, average
temperature and gas mass obtained from the follow-up data were used to constrain
luminosity-mass and temperature-mass scaling relations.
In this analysis, the gas mass data took the role of a total mass proxy. This
was because it can be measured with very little bias independently of the dynamic
state of the clusters, unlike the total mass via hydrostatic equilibrium, which was
the method employed previously to calibrate masses, and forced the use of large
uncertainties to accommodate the hydrostatic bias. The new analysis ultimately
also used hydrostatic equilibrium to relate the gas mass to the total mass, but it
did so through fgas clusters,36 which include only hot, massive, dynamically relaxed
objects with minimal bias due to non-thermal pressure. For this purpose, however,
the six lowest redshift clusters (z < 0.15) from Allen et al. (2008)36 were sufficient
to constrain the gas mass fraction at low redshift while avoiding direct constraints
on the cosmic expansion. The modelling of the systematic uncertainties in the fgas
experiment36 was included in the overall analysis as a consistent, improved mass
calibration.
In fact, a crucial innovation of this work was to model all the data sets de-
scribed above into a global likelihood analysis able to provide robust constraints on
both cosmological and astrophysical parameters at the same time, accounting for
selection effects, covariances and systematic uncertainties. This was a pioneer de-
velopment for the utilization of cluster abundance measurements to test cosmology,
including gravity at large scales. A simultaneous and self-consistent analysis of both
cosmology and mass-observable scaling relations32,33 allows to properly take into
account Malmquist and Eddington biases present in all surveys, as depicted in Fig-
ure 2. Near the threshold, such a survey will preferentially include higher luminosity
objects within the scatter (Malmquist bias; see the top, left panel of the figure),
and this effect will be larger for a distribution skewed towards lower luminosity,
less-massive objects (Eddington bias; see the bottom, left panel), as it is the case
for the mass function of galaxy clusters. It is therefore crucial for cluster abundance
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Fig. 2. Figure from Mantz et al. (2010b)33 illustrating the importance of self-consistently and
simultaneously fitting cosmological and mass-observable scaling relation parameters to avoid
Malmquist and Eddington biases. In this cartoon, the red line is a fictitious underlying scaling
relation from which simulated clusters (black crosses) are generated either uniformly (top panels)
or exponentially (bottom panels) in log-mass. The dashed, blue lines represent a luminosity thresh-
old. When the latter is applied in the left panels, fitting the remaining data without accounting for
the full distribution of objects (shown in the right panels) given by both sample selection and halo
mass function will bias the answer with respect to the true scaling relation. This is particularly
clear in the bottom panels.
surveys to model the sample selection and cluster mass function together with the
mass-observable scaling relations into a single likelihood function. This is currently
the benchmark methodology employed in the field for robust constraints on the
cosmic growth of structure.
Rapetti et al. (2010)34 utilized the innovative cluster analysis to simultaneously
constrain the cosmic expansion and growth histories as parametrized by the kine-
matical parameter w and the growth index γ, respectively, as described by equa-
tions 2 and 1. The left panel of Figure 3 shows the results obtained using survey
data from BCS, REFLEX and MACS, which are tighter that those from the pre-
vious analysis, particularly considering that the 400sd sample was not used in the
new analysis. These results also include CMB, SNIa, fgas and Baryon Acoustic Os-
December 4, 2018 17:45 GC_tests_v3





































Fig. 3. Figures from Rapetti et al. (2010)34 displaying robust, joint measurements from a combi-
nation of cluster abundance, CMB, SNIa, fgas and BAO data on (w, γ) for a flat γ+wCDM model
(left panel) and on (σ8, γ) for a flat γ+ΛCDM model (right panel). The gold contours (at the 68.3
and 95.4 per cent confidence level) assume self-similar evolution and constant scatter, while the
blue contours (right panel) show the small increase on the constraints when a parameter for depar-
tures from self-similarity and another for redshift evolution in the scatter of the luminosity-mass
relation vary freely. The tight correlation between σ8 and γ promises significant improvements by
adding independent, precise measurements on σ8.
σ8
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Fig. 4. Figures from Rapetti et al. (2013)37 where the complementary degeneracies in the (σ8,
γ) plane between galaxy clustering data (RSD+AP) and clusters (abundance+fgas) or CMB data
provide tight constraints on these parameters when combined (gold contours; 68.3 and 95.4 per cent
confidence), while remaining consistent with GR (γ ∼ 0.55) and ΛCDM (w = −1). Importantly,
the consistency between the individual, independent data sets allows their combination.
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cillations (BAO) measurements. Another update in the new cluster analysis was
the use of the then-more-recent halo mass function from Tinker et al. (2008),38
which was still based on GR, but accounted also for redshift evolution of the fitting
parameters. In addition to a multivariate normal prior for all the mass function
parameters, a systematic uncertainty reflecting physical effects not included in the
simulations, such as the presence of baryons or possible exotic dark energy proper-
ties, was also added by scaling the covariance matrix that had been obtained from
the fit to the simulations. However, results were shown to be insensitive to changes
in the mass function, in comparison with the dominant errors due to uncertainties
in the mass calibration. Nevertheless, it was verified that the additional system-
atic parameter added to account for residual evolution of the mass function was
essentially uncorrelated with γ.
The incorporation of follow-up observations covering the full redshift range of
the survey data was made possible by the new internally consistent method. Im-
portantly, this redshift coverage allowed to directly test for evolution in the scaling
relations, which is especially relevant for the analysis of the growth index. It is key
for such work to examine potential correlations between γ and any astrophysical
evolution parameters. A model with flat ΛCDM for the background expansion, a
constant γ parametrization for the structure growth rate, and two additional free
parameters to allow departures from self-similarity and redshift evolution in the
scatter of the luminosity—mass relation revealed weak correlations between γ and
those astrophysical evolution parameters. The constraints on γ corresponding to
the blue contours in the right panel of Figure 3, for which the additional evolu-
tion parameters are free to vary, are only ∼ 20 per cent weaker than those from
the gold contours of the self-similar, constant scatter model. As found in Mantz
et al. (2010b)33 for a GR plus flat ΛCDM model, the Deviance Information Cri-
terion (DIC)39 indicated that the minimal self-similar and constant scatter model
remained a valid description of the data even when γ was included as a parameter
in the analysis.34
Together with the aforementioned robustness of this analysis, another key finding
was a tight correlation between σ8 and γ such as that γ(σ8/0.8)6.8 = 0.55+0.13−0.10, with
a correlation coefficient of ρ = −0.87 for the case of w = −1 (ΛCDM; see the right
panel of Figure 3). This tight correlation appears when combining the cluster with
particularly CMB data, due to its strong constraints on σ8 at high redshift. Other
data sets also help through additional constraints on other cosmological parame-
ters. This suggested that the incorporation of data sets with independent, precise
constraints on σ8 should be able to break this degeneracy and obtain significantly
stronger results on γ.
By adding galaxy clustering data on redshift space distortions (RSD) and the
Alcock-Paczynski (AP) effect to the cluster plus CMB data analysis, Rapetti et
al. (2013)37 obtained indeed much tighter constraints on γ, as shown by the gold
contours in Figure 4. For the γ+ΛCDM model, the left panel of the figure includes
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also the results on the (σ8, γ) plane for each individual experiment, demonstrat-
ing the required agreement between data sets in order to combine them. The right
panel shows constraints on the (w, γ) plane for the γ+wCDM model and the dif-
ferent combinations of data set pairs, showing an excellent consistency with GR
and ΛCDM. Studies using galaxy clustering and other cosmological probes but not
including cluster data have also been finding good agreement with the standard
model.40–42
To overcome the dominant systematic uncertainty when using an fgas mass cali-
bration, the bias in estimating total masses due to assuming hydrostatic equilibrium,
the Weighing the Giants (WtG) project employed instead high-quality weak lensing
data to calibrate cluster masses.23,43–46 To incorporate these new data, an addi-
tional self-consistent part of the likelihood function was implemented, which led to
improved cosmological constraints, including for those on the γ+wCDM model23f .
Since then, weak lensing became the standard technique for mass calibration47–51
in cluster abundance studies.23,52–54 However, SZ cluster count analyses from the
Planck collaboration55 still used hydrostatic equilibrium mass measurements from
XMM Newton X-ray observations, which might have introduced some of the ob-
served tension between these and the Planck CMB results, as well as others with
from different cosmological data sets, as indicated by a WtG weak-lensing mass
calibration analysis of Planck clusters.56 Other similar studies, however, were per-
formed with varying results.57,58 Hence, the follow-up study using the Planck full
mission data set on the reported tension between CMB and cluster constraints var-
ied according to the different cluster-mass calibrations adopted from external weak
lensing analyses.13 The latest release of the Planck collaboration provided then fur-
ther insights into this tension,59 showing again no discrepancy when adopting the
WtG mass scaling, and agreement now also with a recent reanalysis of CMB-cluster
lensing data from Zubeldia & Challinor (in preparation), even though remaining
discrepancies still exist with other weak lensing studies.
Using SPT-SZ cluster data from the 720 square-degree survey61 together with
a velocity-dispersion-based mass calibration and X-ray follow-up observations of
sample objects, Bocquet et al. (2015)60 performed an independent, simultaneous
analysis of cosmology and scaling relations, and found consistency with GR and
ΛCDM when allowing the growth index γ and the dark energy equation of state
parameter w to vary. As shown in Figure 5, for a γ+ΛCDM model this work repro-
duced the previously found strong degeneracy between σ8 and γ (top, left panel),
and reported a weak correlation between γ and the species-summed neutrino mass,
Σmν (top, right panel). Also, using various SZ cluster surveys, such as SPT, SPTPol
(polarization), Planck and ACTPol, Mak et al. (2012)62 forecasted constraints on an
fNote that when using the γ parameterization to test GR, the only deviations explored are those in
which the masses obtained from weak lensing and dynamical mass measurements are expected to
equate, as in GR. As discussed in Section 3, in general these masses differ for MG models, although
there are also cases in which these can be exactly or approximately the same (see Section 2.3).
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Fig. 5. Figures from Bocquet et al. (2015)60 with SPT constraints (68 and 95 per cent confidence
contours) on the γ+ΛCDM model, where the strong degeneracy between σ8 and γ was indepen-
dently found (top, left panel), as well as on the consistency with both GR and ΛCDM when
simultaneously allowing w to be free for a γ+wCDM model (bottom, right panel). The top, right
panel shows constraints on yet another extended model with γ and the species-summed neutrino
mass Σmν free to vary.
MG theory, f(R) gravity (see the next section for further details and measurements
on this model).
2.3. Constraining alternative models of gravity
Beyond consistency tests as those described above, using galaxy cluster counts as a
function of mass and redshift to observationally constrain modified gravity models
requires not only to be able to calculate the linear behaviour of the model but also
compute its relevant non-linear effects on structure formation. The goal is to build
an accurate HMF that adequately incorporates the dependencies of the cosmolog-
ical parameters of interest to perform likelihood analyses. Full N-body simulations
are the present, ultimate benchmark with which to validate HMF modelling (see
Llinares (2018)63 for details). Since these are computationally expensive, however,
different approaches has been pursued in the literature depending on the aimed
precision, such as fitting procedures and approximate methods (see Li (2018)64 for
details).
A well-studied alternative to GR at large scales is a simple modification of the
Einstein-Hilbert action obtained by substituting the Ricci scalar R with a nonlinear
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function of itself, f(R). This is in fact a special case of the more general scalar-
tensor theory of Brans-Dicke when ωBD = 0 – for further information on this and
other cosmological MG models, see Koyama (2018).2 The fifth force carried by this
scalar degree of freedom, the scalaron field fR = df/dR, has a range of interaction
determined by the Compton wavelength of the field, λc = (3dfR/dR)1/2. As long as
this scale is smaller than that of the horizon (H−1), the additional force enhances
the growth of structure by a factor of 4/3 at scales below λc, while above this scale
GR is recovered.
Currently viable cosmic gravity models possess non-linear screening mechanisms
to suppress the modification of GR in high density environments, such as the Solar
System, wherein gravity has been measured to agree with GR at high precision. For
f(R) gravity, the so-called chameleon mechanism provides such property. Popular
models able to evade local constraints on f(R) are the Hu-Sawicki (HS)65 and de-
signer.66,67 Pending on a closer examination of systematic uncertainties, constraints
on f(R) gravity at galactic scales exist that are somewhat tighter than those achiev-
able by cosmological probes. Cluster counts, however, have been shown to be able
to explore f(R) as an effective theory of gravity at cosmic scales all the way down to
∼1-20 Mpc/h, allowing to investigate the critical transition from linear to non-linear
scales when the field is of the order of the gravitational potential.
The original functional form of the HS class of models is




with free parameters Λ, µ2 and n. This model does not strictly contain a cosmolog-
ical constant, but in the high-curvature regime, R  µ2, it can be approximated
as





where the value of the field today, fR0 = −2nΛµ2n/R¯n+10 , is then used as the free
parameter of the model that controls the strength of the modification of GR as well









Note also that it follows from this expression that larger values of n will correspond
to weaker constraints on fR0 from the data.68g On the other hand, the designer class
gFerraro, Schmidt & Hu (2011)69 also previously obtained this behaviour based on the results of
Schmidt, Vikhlinin & Hu (2009),18 after demonstrating the ability to rescaling n in the regime of
interest from the originally calibrated HS (n = 1) HMF of Schmidt et al. (2009).70
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of models is commonly parametrized as a function of the dimensionless Compton








≈ 2.1Ω−0.76m |fR0|, (8)
where fRR = dfR/dR and ′ ≡ d/d ln a.
While the background expansions of both families of f(R) models above mimic
closely or exactly, respectively, that of the cosmological constant, they produce de-
tectable scale-dependent, linear growths of structure, allowing strong tests of GR
at large scales. To fully describe the non-linear part of the HMF in terms of f(R)
parameters, such as fR0 or B0, as well as the other relevant cosmological param-
eters, N-body simulations are presently the tool of choice. After a breakthrough
in performing such calculations71 others continued this work to include model ex-
tensions and/or provide larger and higher-resolution simulations.72–74 Even though
these computations became then common practice, exhaustive explorations of such
parameter spaces are still prohibitively time-consuming. Schmidt et al. (2009),70
however, combined the spherical collapse approximation and the Sheth-Tormen
(ST) prescription75 into a less expensive semi-analytic approach that conservatively
matches simulation results. For the ST HMF, one can write the comoving number










where ν = δc/σ(Mv) and δc are the peak height and density thresholds, respectively,











Using cluster abundance measurements from the 400sd sample11,16 together with
CMB and other cosmological data sets, Schmidt, Vikhlinin & Hu (2009)18 obtained
the first results on f(R) gravity using a cluster counts experiment, leading to the
tightest cosmological constraints on the HS model at the time, |fR0| . 1.3 × 10−4
at the 95.4 per cent confidence level (used throughout hereafter), as shown also in
the top panels of Figure 6. This work rescaled σ8 at a fixed pivot mass mapping
the modifications of gravity into GR by matching the ST HMF for f(R) to a GR
HMF,38 when analysing both cluster abundance and CMB data. This renormaliza-
tion, however, could have introduced biases and degeneracies between astrophysical
and cosmological parameters, while ignoring relevant correlations between them.
Instead, a follow-up, improved analysis by Cataneo et al. (2015)68 implemented
the same ST HMF modelling, calibrated with a GR HMF,38 into the full WtG like-
lihood function of Mantz et al. (2015),23 including survey, scaling relations (X-ray)
and mass calibration (weak lensing) data, to account for all covariances, systematic
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Fig. 6. Figures from Schmidt, Vikhlinin & Hu (2009)18 (top panels) and Lombriser et al. (2012)76
(bottom panels), with the first constraints on HS (with n = 1; top) and designer (bottom) f(R)
gravity models using cluster count data together with CMB and additional cosmological data sets.
The top panels show 68.3, 95.4 and 99.7 per cent confidence contours, and the bottom panels,
1D (left) and 2D (right) marginalized 68, 95 and 99 per cent confidence levels. The latter are
from either a combination of CMB, SNIa and BAO data sets or this plus additional measurements
from galaxy-ISW cross-correlations (gISW; note that for illustration purposes this constraint was
increased by a factor of 100) or cluster abundance (CA).
uncertainties and observational biases. For this f(R) analysis, no changes in the
weak lensing mass calibration were required because weak lensing and dynamical
masses only deviate by a factor on the order of fR0, which is negligible. Cataneo et
al. (2015) calibrated the new f(R) HMF, n∆, by multiplying n∆|Tinker, i.e. the HMF
of equation 3 for the GR f(σ, z) fitted by Tinker et al. (2008),38 by a pre-factor
that contains the deviations from GR via the ratio of the ST HMF in f(R) to the











Figure 7 shows the constraints obtained by the new f(R) analysis,68 which rep-
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Fig. 7. Figure from Cataneo et al. (2015)68 with constraints (68.3 and 95.4 per cent confidence
contours) that represented about an order of magnitude improvement with respect to those on
the HS (n = 1) model in Fig. 6, and entered the intermediate-field regime where the scalaron is
comparable to the Newtonian potential of large clusters. In the legend, clusters refer to cluster
abundance plus fgas data.77 The difference between the left and right panels is the combination
with CMB data, which in both cases includes SPT78–80 and ACT81 plus either WMAP or Planck
CMB+Planck gravitational lensing+WMAP polarization (ePlanck) data, respectively. In the same
work, similar constraints were obtained for the designer model.
resented about an order of magnitude improvement with respect to the previous,
log10 |fR0| < −4.79 (with the Wilkinson Microwave Anisotropy Probe, WMAP;82,83
and -4.73 with Planck84), and still are the gold standard in the fieldh. These results
started entering the intermediate-field regime (|fR0| ∼ 10−5) where the scalaron am-
plitude becomes comparable to the Newtonian potentials of massive halos. However,
in order to significantly benefit from upcoming cluster data including well-calibrated
lower-mass objects a more accurate modelling of the chameleon screening mecha-
nism was required. For this purpose, using different methods and simulations, re-
spectively, Cataneo et al. (2016)86 and Hagstotz et al. (2018)87 derived new HMF’s
which, importantly, are consistent. Both works also used their respective results to
actually forecast small-field regime (|fR0| ∼ 10−6) constraints for a cluster survey
such as that ongoing for DES.
For the designer model, Lombriser et al. (2012)76 employed optical data from
the MaxBCG catalogue4 of SDSS, together with other complementary cosmological
data sets, to obtain the first cluster abundance constraints on B0, as shown in the
bottom panels of Figure 7. Consistently, these results, which could be translated
to |fR0| . 2 × 10−4, were only slightly weaker than the first on the HS (n = 1)
model.18 For this initial study of the designer model, however, modifications of
hUsing SZ clusters from Planck with the WtG mass calibration, Peirone et al. (2017)85 found
results that strongly depended on the HMF employed, as warned in their conclusions highlighting
the need for a robust HMF, which at the conservative end of their range were still similar enough
to those from the X-ray analysis, albeit being based on a different HMF.
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Fig. 8. Figures from Chudaykin et al. (2015)88 showing constraints (65 and 95 per cent con-
fidence contours) from cluster abundance, CMB (ePlanck+SPT+ACT), BAO, H0 and lensing
potential data for a Starobinsky f(R) gravity model, assuming one massive sterile neutrino and
three massless active neutrinos.
gravity were only included in calculating the linear component σ of n∆|Tinker. The
authors considered the non-linear description from GR accurate enough for obser-
vational constraints in the large-field regime (|fR0| & 10−4), in which the effects
of the non-linear chameleon mechanism to the HMF can be neglected. Afterwards,
Cataneo et al. (2015)68 accounted for both linear and non-linear effects using an
f(R) HMF calculated via equation 11, improving the initial results for this model
also by about an order of magnitude.
Using cluster abundance data from the 400sd sample11,16 together with CMB
and additional cosmological data sets, Chudaykin et al. (2015)88 constrained, in the
presence of a sterile neutrino of the order of eV, yet another f(R) gravity model,89









with the appropriate correction and conditions for the model to be viable at Solar
System densities,88 and where n, λ and Rs are model parameters, from which n = 2
was chosen to be fixed. Results from this analysis are shown in Figure 8.
3. Mass estimates and Cluster Profiles
In theories of modified gravity cluster masses inferred from dynamics can differ
from their (in general inaccessible) true masses, a combination of dark matter,
gas and stars.90–92 Dynamical masses can be obtained by observing the velocity
dispersions of cluster galaxies, the X-ray properties of the hot ionised intracluster
gas or the Sunyaev-Zel’dovich (SZ) effect. For a subclass of theories of gravity the
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mass deduced from gravitational lensing is unaffected by the modifications and will
match GR predictions. Only within such particular models the lensing mass does
indeed correspond to the true mass of the cluster. More typically, deviations from
standard gravity also produce changes in the lensing mass. In addition, screening
mechanisms restore GR on non-linear scales and make departures of dynamical and
lensing masses from the true mass depend on the true mass itself, on the scale
considered and on the environment surrounding the cluster.
The sheer complexity of the system inevitably requires some simplifications when
comparing theoretical predictions to the data, which will impact our conclusions to
an extent that must be assessed a posteriori. Simplifying assumptions often include:
the quasi-static approximation (QSA), in which time derivatives are neglected and
clusters are treated as virialized systems; intracluster gas in hydrostatic equilibrium;
spherical symmetry; Navarro-Frenk-White (NFW) density profiles93 for the host
dark matter halosi.
The starting point for any mass estimate are the Poisson equations for the
dynamical potential Ψ and the lensing (or Weyl) potential Φlens,
k2Ψ = −4piGmattera2δρ, (13)
k2Φlens = −4piGlighta2δρ, (14)
where Gmatter and Glight are the effective gravitational constants for non-relativistic
matter and light, respectively, and δρ is the matter density excess with respect to
the background. In most alternative theories of gravity the two modified constants
are in fact not constant at all, and can be arbitrary functions of both time and
space. Nonetheless, in Horndeski gravity (see, e.g, Koyama (2018)2) these assume a
relatively simple form in the linear sub-horizon regime, that is97,98












where h1-5 are function of time only, h6 = h1(1+h2)/2 and h7 = (h5+h2h4)/(1+h2).
The functions hi(a) are completely determined by the Lagrangian functionsK(φ,X)
and G3-5(φ,X) (see Koyama (2018)2), and explicit expressions can be found in Ref.
97. Standard gravity is recovered for h1,2 = 1, h3-5 = 0. The evolution of linear
perturbations in many popular modified gravity theories can be readily described
by Eqs.(15)-(16) (see Lombriser (2018)99 for more details). A notable example are
iSeveral works showed that modified gravity does not qualitatively change the shape of the dark
matter halos, and on scales below the virial radius the NFW profiles match reasonably well the
averaged halo profiles measured in simulations.70,72,94–96
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implying Φlens = ΨN, with ΨN being the standard Newtonian potential. On the
other hand, for the Cubic Galileon model of Ref. 100 (see Koyama (2018)2 for
details) one has Gmatter = Gmatter(a), and Φlens = Ψ 6= ΨN in the absence of
anisotropic stress.101
Moving to smaller scales requires either solving highly non-linear differential
equations for an isolated halo, or running expensive cosmological simulations (see,
e.g., Ref. 95, 102). The reason being that clusters are non-linear objects, and screen-
ing mechanisms must be in action to guarantee that on small scales modifications of
gravity are suppressed (see Koyama (2018),2 Lombriser (2018),99 Llinares (2018)63
and Li (2018)64). As a matter of fact, if screening conditions are satisfied there
exists a screening scales Rscr such that for radii R  Rscr gravity is back to GR,
i.e. Gmatter = Glight = G, whereas for R  Rscr the linear predictions Eqs. (15)-
(16) apply. The transition at intermediate scales can depend on details such as the
cluster mass, density profile, shape and environment.
For a collisional system, such as the intracluster gas, observable effects induced
by modifications of gravity can be quantified from the equation for hydrostatic equi-







where ρgas is the gas mass density, and Ψ receives contributions beyond the standard
Newtonian potential. The total pressure P can be decomposed in thermal and non-
thermal components. For an ideal gas with temperature Tgas the thermal pressure
Ptherm = ngaskBTgas, with ngas = ρgas/µmp denoting the number density of gas
particles with mean molecular weight µ. From Eq. (19) it is straightforward to
obtain the thermal mass as










The gas temperature and profile are linked to the observed projected X-ray tem-
perature and surface brightness, respectively.104 Alternatively, measurements of the
temperature difference of the CMB photons caused by the SZ effect provide informa-
tion on the gas thermal pressure, that in combination with X-ray surface brightness
data can be used to estimate the thermal mass.105 Non-thermal pressure generated
by magnetic fields, cosmic rays, bulk motion etc. can be a source of systematic un-
certainty if not properly accounted for.1 A common approach consists in defining
the non-thermal contribution as a scale-dependent fraction of the total pressure,
that is
Pnon-thermal ≡ g(r)P (r), (21)
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where the function g(r) is calibrated against hydrodynamical simulations.106
The trajectories of photons traveling from distant galaxies are perturbed by the
presence of foreground massive galaxy clusters according to Eq. (14). Measurements
of the convergence profile of galaxy clusters (or quantities closely related to it, such
as the tangential shear) probe how gravity interacts with light. In fact, the lensing





where ∇2⊥ ≡ ∂2θx +∂2θy is the two-dimensional Laplacian on the the plane of the sky,
and








with DL being the angular diameter distance between the observer and the lens
(i.e. the cluster), and DS , DLS denote, respectively, the angular diameter distance
to the source, and between the lens and the source.





where we have used the surface mass density definition















dl δρ(θDL, l). (27)
Observations provide the convergence profiles of galaxy clusters (Eq. 24), which can
then be compared to the predictions obtained from Eq. (22). For the purpose of
testing generic deviations from GR it is key that lensing mass reconstructions avoid
any assumption about the distribution of matter in the cluster, that is the analysis
should be non-parametric.109
Alternatively, one could use the shear profiles by measuring the average deforma-
tion of background galaxy shapes around foreground galaxy clusters. The tangential
shear profile can then be defined as the excess surface mass density of the cluster
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Fig. 9. 68% confidence regions for the modified gravity parameters pair {µ, } describing a gen-
eralised Galileon model. The cross marks values for the Cubic Galileon model.112 Left: constraints
from stacked surface mass density data (solid curve), together with those using data for the log-
arithmic slope d ln Σ/d ln r (dashed curve). Right: same as left panel using the differential surface
mass density ∆Σ+ ≡ ∆Σ/(1 − κ). In all panels theoretical predictions assume the NFW profile.
Figure taken from Narikawa and Yamamoto (2012).113
where
∆Σ(θ) = Σ¯(< θ)− 〈Σ〉(θ), (29)
with Σ¯ denoting the mean surface mass density in a circular aperture of angle θ,
and 〈Σ〉 is the average surface mass density computed in a narrow annulus at the
edge of the aperture.
In recent years a growing number of studies have employed cluster profiles to
detect potential signatures of modified gravity. Lombriser et al. (2012)110 were the
first to employ lensing data in search of departures from GR in the context of
f(R) gravity. They measured the stacked cluster-galaxy lensing signal ∆Σ generated
by selected maxBCG galaxy clusters and background galaxy sources in the SDSS
imaging data.111 Their cluster sample covered the redshift range 0.1 < z < 0.3, and
the analysis focused on scales 0.5 ≤ r hMpc−1 ≤ 25, corresponding to the outskirt of
a typical cluster and beyond. Because of the relatively shallow potential, this region
experiences the largest modifications of gravity allowed, producing an excess signal
associated with more infalling matter compared to standard gravity. In combination
with baryon acoustic oscillations and supernova distance measurements, as well as
information from the cosmic microwave background anisotropies, the shear lensing
data in Ref. 110 provided the upper bound |fR0| < 3.5×10−3 at the 95% confidence
level.
Narikawa and Yamamoto (2012)113 tested a generalised Galileon model with
surface mass density data obtained from stacking strong and weak lensing measure-
ments for four high-mass clusters (A1689, A1703, A370, and Cl0024+17).114,115
The authors allowed for modifications on large linear scales through a parameter
µ, such that Glight = G(1 + µ), and parameterised the transition scale to standard
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gravity set by the Vainshtein screening (see Koyama (2018)2 for details) as







where the stacked mass M and the dimensionless parameter  are both constrained
by the data. Newtonian gravity is recovered on all scales in the limits  → ∞
or µ → 0. In their analysis, Narikawa and Yamamoto modelled the cluster mass
distribution with various density profiles, deriving constraints on µ and  largely
consistent across the different cases. Fig. 9 shows the allowed region of parameter
space in the {ln , µ} plane for predictions assuming an NFW profile. The lensing
data in Refs. 114, 115 covers scales r . 5 h−1 Mpc, thus for large screening radii,
i.e.   1, the linear deviation µ remains unconstrained. On the other hand, for
 1 linear departures on cluster scales are limited to a small range around µ = 0.
Relying on lensing information only, Barreira et al. (2015)100 also looked into
possible deviations from standard gravity in the context of the Cubic Galileon
model, and extended their analysis to Nonlocal gravity cosmologies as well. Differ-
ently from Narikawa and Yamamoto,113 they used invidual radially-binned lensing
convergence profiles for 19 X-ray selected galaxy clusters from the Cluster Lensing
and Supernova Survey with the Hubble Space Telescope (CLASH).116–118 These
data have the advantage that the lensing signal reconstruction makes no assump-
tion on the mass distribution of the clusters, a desirable feature for applications
aimed to test departures from GR. Barreira et al. found that within the virial
radius (∼ 1 h−1 Mpc) both modifications of gravity under consideration had no
measurable impact on the mass and concentration parameters describing the halo
profiles, thus showing that these observations cannot distinguish these particular
models from ΛCDM.
Instead of lensing measurements, Terukina and Yamamoto (2012)119 opted for
a complementary approach based exclusively on temperature profiles data of the
Hydra A cluster in search of chameleon force effects. The presence of an attractive
fifth force changes the gas distribution inside the cluster, with potentially observable
effects on the X-ray surface brightness profiles. Assuming hydrostatic equilibrium
and a polytropic equation of state for the gas component, Terukina and Yamamoto
compared their temperature profile predictions against data reduced from Suzaku
X-ray observations of the Hydra A cluster out to the virial radius.120 For an NFW
dark matter halo profile and the scalar field coupling β = 1 they obtained the
upper bound φBG < 10−4Mplj, where mass, concentration, temperature at the
cluster centre and background amplitude of the scalar field were all allowed to vary
simultaneously in their analysis. However, in f(R) gravity the coupling strength is
too weak (β = 1/
√
6), and the relatively large uncertainties in the data preclude
any meaningful constraint.
jSee Koyama (2018)2 for details on chameleon models.
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Fig. 10. Left: Wilcox et al. (2015)121 95% (light grey region) and the 99% confidence level
(mid grey region) boundaries for the rescaled chameleon parameters β2 ≡ β/(1 + β) and
φ∞,2 ≡ 1 − exp(−φBG/10−4Mpl). The overlapped dashed and dot-dashed lines represent the
corresponding boundaries found by Terukina et al. (2014).122 The vertical line marking β = 1/
√
6
shows the constraints for f(R) gravity. Figure taken from Wilcox et al. (2015).121 Right: posterior
distributions for the beyond Horndeski parameters Υ1 and Υ2, together with their combined 68%
and 95% contours. GR corresponds to the point {Υ1,Υ2} = {0, 0}. Figure taken from Sakstein et
al. (2016).123
Deviations from standard gravity for theories predicting Φlens 6= Ψ can be
strongly constrained with the combination of lensing and dynamical measure-
ments.90,91 Terukina et al. (2014)122 pioneered such analysis employing observations
of the X-ray surface brightness and temperature profiles,124–126 the SZ effect,127 as
well as weak lensing mass and concentration priors128,129 of the Coma cluster. As
in Ref. 119, the authors searched for signatures of a chameleon fifth force by mod-
elling the gas and dark matter distribution under spherical symmetry and hydro-
static equilibrium. Moreover, they considered the effects of the non-thermal pres-
sure component to be largely negligible. Although following studies (e.g. Ref. 121)
also adopted this last assumption, and explored the potential implications of re-
laxing it, there is no consensus on the extent of the systematics associated with
non-thermal pressure support, which if not properly accounted for can lead to spu-
rious constraints on modified gravity parameters (cfr. Ref. 130 and Ref. 91). Cluster
asphericity and substructures are sources of systematic uncertainty too,1 capable
of biasing significantly our conclusions on departures from GR. An interesting as-
pect of the analysis performed in Terukina et al. (2014) is that the combination of
multi-wavelength observations helped break degeneracies between the parameters
describing the cluster profiles for mass, gas, temperature, and those pertaining the
chameleon force. The dashed lines in the left panel of Fig. 10 delimit the excluded
region in the rescaled {β, φBG} plane obtained by Terukina et al. with the addi-
tional assumption that the Coma cluster is an isolated system. The vertical line
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corresponds to f(R) gravity implying the upper bound |fR0| . 6×10−5 at the 95%
confidence level. Performing a similar analysis Ref. 131 investigated modifications
of gravity in generalised cubic Galileon models. However, despite the more recent
X-ray data132 and updated lensing information133 employed, these models were only
loosely constrained.
With access to a larger cluster sample, Wilcox et al. (2015)121 and Sakstein et
al. (2016)123 implemented a different strategy later validated in Ref. 134. The Coma
cluster is notoriously non-spherical135–137 and is located at low redshift (z ≈ 0.02),
two facts that can weaken the robustness and efficacy of the derived modified grav-
ity constraints. The method developed by Wilcox et al., and already suggested in
Terukina et al. (2014), relies on stacked X-ray surface brightness and shear profiles
of 58 X-ray selected clusters in the redshift range 0.1 < z < 1.2 and temperature
range 0.2 < Tgas < 8 keV. The dynamical information on these objects was ob-
tained from the XMM Cluster Survey (XCS),138–140 and the Canada France Hawaii
Telescope Lensing Survey (CFHTLenS)141,142 provided the complementary lensing
information for the same systems. In addition, Wilcox et al. explored the mass
dependence of the screening mechanism in chameleon models (including f(R) grav-
ity) by splitting their cluster sample into two bins with a temperature threshold of
Tgas = 2.5 keV. The joint constraints on the chameleon parameters from the com-
bined cluster subsamples are shown in the left panel of Fig. 10, where hydrostatic
equilibrium, spherical symmetry, isothermality and negligible non-thermal pressure
were assumed. Also in this case the amplitude of the f(R) scalar field is constrained
to |fR0| . 6 × 10−5 at the 95% confidence level. Sakstein et al. applied the same
data and method to a subclass of Beyond Horndeski theories that breaks the Vain-
shtein screening inside extended objects, and parametrised it with the dimensionless
quantities Υ1 and Υ2, where the former measures changes in the motion of non-
relativistic particles and the latter affects exclusively light propagation k. GR is
recovered for Υ1 = 0 and Υ2 = 0, and Υ1 < 0 (> 0) is equivalent to enhanced (sup-
pressed) gravity. The joint posterior distribution as well as the two marginalised
posteriors for Υ1 and Υ2 are shown in the right panel of Fig. 10.
More recently, Salzano et al. (2017)143 considered a particular subset of Beyond
Horndeski theories with Υ1 = Υ2 = Υ144 characterised by a mismatch between the
dynamical and lensing potential. This model is therefore different from the cubic
Galileon cosmology analysed in Ref. 100, for which Φlens = Ψ. Furthermore, another
distinctive trait here is that the Vainshtein screening is inactive inside large astro-
physical systems. Taking advantage of these features, Salzano et al. selected the 20
most relaxed and symmetric galaxy clusters observed by both the X-ray Chandra
telescope and the Hubble Space Telescope within CLASH,145 and constrained the
modified gravity parameter Υ quantifying the deviation from standard gravity. In-
terestingly, for this cubic Galileon model one always has Υ > 0 leading to weaker
kSee Koyama (2018)2 for details on these modified gravity theories and their parameterisation.
December 4, 2018 17:45 GC_tests_v3
24 M. Cataneo and D. Rapetti
gravity for physically motivated dark matter profiles, with Υ = 0 being GR. Under
the same assumptions of previous studies they found the upper limit Υ < 0.16 at
the 95% confidence level, clearly consistent with no deviations from GR.
Finally, dynamical mass profiles can also be inferred from the motion of cluster
galaxies, an approach followed by Pizzuti et al. (2016)146 and Pizzuti et al. (2017),147
who compared the kinematic and lensing measurements of dynamically relaxed clus-
ters obtained during the CLASH116 and CLASH-VLT148 observing campaigns. The
authors searched for deviations from the standard relation η ≡ Φ/Ψ = 1,2,99 find-
ing η(r200c) = 1.01+0.31−0.28, a result fully consistent with GR predictions. They also
extended their analysis to Yukawa-like interactions with a free range parameter λ
and a coupling constant fixed to β = 1/
√
6. This choice effectively mimics the fifth
force generated by linearised fluctuations of the scalar field fR in f(R) gravity char-
acterised by a mass m¯fR ∼ 1/λ, where the overbar denotes the background value l.
In their most recent analysis, using data for the MACS J1206.2-0847 cluster Pizzuti
et al. derived the upper limit λ < 1.61 Mpc at the 90% confidence level, 20% tighter
than their previous result. Including a simplified implementation of the chameleon
screening relaxes this bound to λ < 20 Mpc, or |fR0| . 5×10−5, in agreement with
studies based on properties of the intracluster gas.
4. Gravitational Redshift
Any metric theory of gravity predicts that a photon with wavelength λem emitted
from within a gravitational potential well Ψ experiences an energy loss when leaving
such potential. Then, in a static universe and in the weak field limit, an observer at








where ∆λ is the wavelength difference between the observed and emitted photon,
and ∆Ψ = Ψ(xobs) − Ψ(xem). For a cluster of mass ∼ 1014M the gravitational
redshift czgr ≈ 10 km/s,149–151 a tiny value compared to other redshift contribu-
tions. In fact, neglecting the evolution of the metric potentials, in our universe the
total redshift ztot of a photon emitted at the location x and observed at the origin
of the reference frame can be written as












Here, zcosmo is the cosmological redshift associated with the background expansion,
the second non-trivial term in curly brackets represents the Doppler shift along the
line of sight nˆ due to the peculiar velocity v of the object emitting the photon,
and the remaining kinetic term is known as transverse Doppler shift.152 For typical
lEquivalently, one can see this as an unscreened f(R) gravity model.
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galaxy clusters the gravitational and transverse Doppler shifts are of the same order
of magnitude, and both two orders of magnitude smaller than the longitudinal
Doppler shift.
Measurements of these second-order effects are usually expressed in terms of
total redshift difference between a satellite galaxy (S) and the central galaxy (C)

















where now the gravitational redshift is negative, which can be interpreted as the
blueshift of photons emitted by the satellite galaxy and observed at the location of
the central galaxy. Averaging over the velocity of satellite galaxies with their phase-
space distribution f(xS,vS), after projecting along the line of sight one obtaines




















where R is the distance from the central galaxy projected on the plane of the sky.
In Eq. (34) we have assumed that the central galaxy has negligible cluster-centric
velocity compared to the satellite galaxies, and also ignored the additional shift pro-
duced by the transformation from rest-frame coordinates to light-cone coordinates
known as the past light cone effect153,154 m.
For a sample of galaxy clusters with a mass distribution dn/dM (i.e. the cluster
mass function) the ensemble average profile reads
∆(R) ≡
∫









is the surface density profile of satellite galaxies.
Wojtak et al. (2011)155 were the first to report a nearly 3σ detection of the
velocity shift ∆(R) generated by galaxy clusters selected from the SDSS3 Data
Release 7156 and the associated Gaussian Mixture Brightest Cluster Galaxy cata-
logue.157 Key to this detection is the large number of galaxy clusters with member
galaxies and interlopers having spectroscopically measured velocities. This is nec-
essary to reduce the contamination from peculiar velocities and remove the effect
of irregularities in individual clusters n. In their analysis Wojtak et al. identified
the cluster centres and redshifts with the positions and redshifts of the brightest
mFurthermore, the peculiar velocity of galaxies modulates their surface brightness through rel-
ativistic beaming. In flux-limited surveys this causes a bias of the redshift distribution of the
selected galaxies comparable to zgr. See Ref. 153 for details.
nSee Cai et al. (2017)158 for a detailed analysis of the systematics introduced by this assumption.
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Fig. 11. Left: Stacked velocity shift profile in galaxy clusters showed in the rest frame of their
brightest cluster galaxies. Measurements (points with errorbars) at different projected radii R
correspond to the mean velocity of the observed satellite galaxies velocity distributions. The solid
line denotes the gravitational redshift prediction for GR, and the dashed line shows the same
for unscreened f(R) gravity assuming the observed range of cluster masses remains unchanged
in Eq. (35). Data source: Radowsław Wojtak. Right: Gravitational redshift (dotted blu line) and
transverse Doppler (dotted magenta line) profiles in GR. Their sum is represented by the dotted
black line. Data points and error bars match those in the left panel. NFW profiles are used to
describe the mass distribution within clusters, and the halo mass function is approximated as
dn/dM ∼ M−7/3. The integrated mass range is M = (0.11 − 2) × 1015M in standard gravity,
and M = (0.09− 1)× 1015M in f(R) gravity with Gmatter = 4G/3. Figure taken from Zhao et
al. (2013).152
cluster galaxies. Their large cluster sample also helped control the impact of this
approximation o.
Theoretical predictions for the velocity shift require knowledge of the mean
gravitational potential profile and of the cluster mass function (see Eqs. (33)-(35)).
Wojtak et al. modelled the former using an NFW density profile and the latter as a
power law, and then used the velocity dispersion profile of the composite cluster to
constrain their free parameters. The resulting signal was interpreted as entirely due
to gravitational redshift, ignoring the transverse Doppler contribution in Eq. (34).
Their measurements and GR predictions are show in the left panel of Fig. 11. Later,
Zhao et al (2013)152 included the missing term which resulted in an overall upward
shift of the GR prediction corresponding to the difference between the solid black
line and the dotted blue line in the right panel of Fig. 11. However, it was only with
Kaiser (2013)153 and Cai et al. (2017)158 that all terms in the velocity shift profile
– gravitational redshift, special relativistic contributions and past light cone effects
– were correctly implemented.
Wojtak et al. also employed their data to test departures from standard gravity,
as shown by the dashed line in the left panel of Fig. 11 for a fully unscreend f(R)
oFor an updated analysis see Ref. 159.
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model. This prediction, however, is based on the false premise that the velocity
dispersion of the galaxies in their sample tracks the Newtonian potential ΨN of
their parent cluster. As a matter of fact, the potential inferred from the kinemat-
ics of galaxies matches the same potential responsible for the gravitational redshift
since both physical processes are governed by the time component of the metric
Ψ. Therefore, if only dynamical information for a narrow range of cluster masses
is available, these observations simply probe the validity of the weak equivalence
principle152,153,160 and cannot discriminate among alternative theories of gravity.
This point was explicitly verified in Zhao et al. (2013)152 where the gravitational
potential in unscreened f(R) gravity was computed as 4ΨN/3, and the integration
boundaries in Eq. (35) were adjusted to smaller halo masses compared to those
used in the GR calculation. This reflects the fact that what is measured is the
dynamical potential Ψ ∼ GmatterM . The degeneracy between Gmatter and the dy-
namical masses is visible in the right panel of Fig. 11, where the solid black line
corresponding to f(R) gravity is very similar to the GR prediction (dotted black
line) p. Nonetheless, supplementary information can break this degeneracy, effec-
tively promoting the velocity shift profile to a test of gravity. For example, changes
in ∆(R) occur due to modifications to the cluster mass function and halo profiles.152
Moreover, in some theories of gravity Φlens 6= Ψ and lensing data could be used to
define the integration boundaries in Eq. (35).
As a concluding remark note that gravitational redshifts can also in principle be
extracted from X-ray spectra of the intracluster medium, with the advantage that
owing to the large number of particles only a relatively small number of systems is
required to keep the noise within acceptable levels.150,154 Although such measure-
ments are beyond reach of current X-ray observatories,162,163 the excellent spectral
resolution of future X-ray telescopes will make this possible.164
5. Future Cluster Probes
We conclude this chapter by shortly reviewing tests of gravity probing physical
processes in and around galaxy clusters, as well as their dynamical and structural
properties, that have not yet been consistently applied to observations. The motion
of galaxies and gas in proximity or beyond the virial radius of a galaxy cluster
can provide powerful diagnostics of modified gravity theories, in that these regions
are only marginally affected by screening mechanisms. In addition, the presence
of a fifth force can induce changes in the rotation and shape of galaxy clusters.
Some of these probes can already take advantage of available data (e.g. gas mass
fractions), while others require high-quality measurements from the next generation
of X-ray, SZ, imaging and spectroscopic surveys to produce competitive constraints
on infrared modification of GR.
pFor a thorough study of the gravitational redshift in f(R) and symmetron models see Gronke et
al (2015).161
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5.1. Cluster Gas Mass Fractions and Mass-Observable Scaling
Relations
The observed fraction of the X-ray emitting gas mass to the total mass (fgas) in hot,
luminous, massive, dynamically relaxed clusters has traditionally been employed to
constrain the expansion history of the Universe out to z ≈ 1 as well as the mean
matter content at z = 0, i.e. Ωm.36,77 However, a modified gravity force could affect
the temperature of the intracluster medium used to measure the total mass, leading
to an inferred mass larger than the true mass. The X-ray luminosity of a cluster
depends instead on its gas density, which in turn primarily depends on the ratio of
the two matter species, Ωb/Ωm. Modifications of gravity that obey the equivalence
principle leave this quantity unchanged, allowing a more direct connection between
the X-ray luminosity and the true total mass of a cluster. Therefore, if such an MG
scenario occurs but one assumes ΛCDM, constraints on Ωb/Ωm obtained from fgas
data at low-z would be in tension with those from CMB observations at high-z,
where GR is restored.165
The mass-temperature and mass-luminosity scaling relations can also be altered
by modified gravitational forces. The extent of the deviations from standard grav-
ity scaling relations depends on the modification of the background, the coupling
between matter and the scalar field, and possibly the mass of the cluster and its
environment. At present, results from hydrodynamical simulations have been inves-
tigated for a subset of scalar-tensor theories.166–168
5.2. Cluster Galaxies Kinematics
The peculiar velocities of galaxies carry valuable information on the nature of the
gravitational forces shaping the large-scale structure of the universe169–172 (see also
Heymans and Zhao (2018)173 and references therein). Measurements of the coher-
ent infall motion of galaxies towards massive galaxy clusters give access to tests
of gravity on scales 2-20 h−1Mpc, hence exploring the transition between the lin-
ear and nonlinear regime. In particular, the joint probability distribution of the
galaxies’ projected positions and velocities probes the dynamical potential Ψ of the
cluster, which can then be compared to the lensing potential Φlens obtained from
weak lensing observations. Predictions for this phase-space distribution have been
either developed from a semi-analytical approach based on the halo model174,175 or
directly calibrated against cosmological simulations, therefore including in the latter
case the full information on cluster-galaxy cross-correlations in redshift-space.176,177
With their large cluster and galaxy samples, future Stage IV overlapping imag-
ing178–180 and spectroscopic surveys181,182 will greatly improve the signal-to-noise
ratio of these kinematic observables, which in turn will allow stringent constraints
on the properties of non-minimally coupled scalar fields. However, one should keep
in mind that both modelling strategies for the phase-space distribution were val-
idated against dark matter-only cosmological simulations, using halos or particles
as proxy for the galaxies. Thus, a solid understanding of the impact of baryonic
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physics on the infall motion of galaxies, as well as of its variation across different
galaxy populations, will be crucial to avoid undesired systematic uncertainties,183
which ultimately can only be assessed with the aid of hydrodynamical simulations.
The random motion of cluster galaxies on scales of 0.3 - 1 virial radii also has
information on gravity. Starting from the phase-space configuration of these galax-
ies methods such as the escape velocity edges can be applied to reconstruct the
dynamical potential profile of the parent galaxy cluster.184 One can then compare
the inferred averaged potentials for two separate cluster samples, one for high mass
objects, 〈Ψhigh〉, and the other for low mass systems, 〈Ψlow〉. Modifications of grav-
ity endowed with mass-dependent screening mechanisms (e.g. chameleon screening)
predict smaller 〈Ψhigh〉/〈Ψlow〉 ratios compared to GR, a fact that can be used to
constrain these theories.185 This methodology has the attractive advantage of di-
viding out both projection effects and theoretical inaccuracies, and forecasts for a
survey like DESI (Dark Energy Spectroscopic Instrument)181 suggest that this probe
can differentiate GR from f(R) theories with |fR0| ≈ 10−6 at the 95% confidence
level.
Galaxy clusters form from large positive fluctuations in the primordial matter
density field. The size of these overdensities initially inflates at an ever slower rate
compared to the background expansion, until they reach a point when the self-
gravitational pull completely decouples their evolution from the Hubble flow. At
this stage the proto-clusters have reached their maximum size, the turn-around
radius, and a phase of collapse and virialization follows. Idealising galaxy clusters
as spherical overdensities, in a flat ΛCDM cosmology an upper bound on the turn-







for a cluster of massM . Equivalently, this radius can be interpreted as the maximum
distance from the cluster centre where the velocity of the infalling matter is equal
and opposite to the Hubble speed, effectively remaining motionless in the cluster-
centric rest frame. However, clusters are far from being perfectly spherical isolated
objects, and the upper bound Eq. (37) should be really interpreted as a limit on
the expectation value of the averaged turn-around radius. Occasionally this bound
is violated by individual systems, and the probability of such occurrences can tell
us something about the underlying theory of gravity. In fact, since the turn-around
radius reflects how far from the cluster centre the background acceleration can resist
the gravitational attraction of the cluster, any additional fifth force would change the
likelihood of bound violation.188 Observationally, one needs to find filaments around
galaxy clusters and measure the velocity profile along these structures using galaxies
as tracers.189,190 For the purpose of constraining departures from the standard law
of gravity, one should bear in mind that the nature of the screening mechanism
determines the evolution of the scalar field in the different nonlinear structures
of the cosmic web.191,192 More specifically, the Vainshtein screening is inactive in
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filaments regardless of their density, and tests based on the odds of bound violation
can exploit this feature to distinguish it from other mechanisms (e.g. the chameleon
screening) that are largely insensitive to the morphology of the environment.
5.3. Internal Properties of Galaxy Clusters
Extensions to the laws of gravity can also affect the internal properties of galaxy
clusters, such as their bulk rotation and ellipticity. For cosmologically viable and
yet interesting modifications (e.g., 10−6 . |fR0| . 10−5, or 1 . H0rc . 10, for
f(R) gravity and nDGP, respectively) the changes induced in these features are
so minute that very large survey volumes are required to detect any signal with
high enough statistical significance. Planned Stage VI experiments178–180,193,194
will map wide areas of the sky with unprecedented depth allowing target statistical
uncertainties of only a few percent. Assuming that systematics can be controlled
at a comparable level, the internal properties of galaxy clusters can then provide a
novel complementary probe of gravity on megaparsec scales.
The anisotropic shape of the host halos of galaxy clusters and groups can imprint
a directional dependence on the efficiency of screening mechanisms. One should then
expect systematic changes in the ellipticities of such halos induced by variations in
the amplitude of the fifth force with direction. However, the extent and evolution
of these modifications is complex and quite sensitive to the theory of gravity as
well as to the nature of the screening mechanism,195–198 so much so that for the
Vainshtein screening no effect can indeed be observed.198 The structural parameters
describing the shape of galaxy clusters can be measured from gravitational lensing
maps,199,200 inferred from the X-ray emission of the intra-cluster medium,201 or
derived from a combination of imaging, X-ray and SZ data capable of breaking key
degeneracies.202–204 Eventually, robust constraints on modified gravity theories from
galaxy cluster ellipticities will only be possible with a solid quantification of the bias
caused by, among other things, baryonic effects,205 halo substructures,206–209 and
interlopers.204
The modified growth of structure in non-standard gravity can also alter the
halo concentration of galaxy clusters and groups, with changes strongly dependent
on the details of the modification. Theories with linear scale-independent growth
and screening mechanisms regulated by the local matter density (e.g. Vainshtein)
preserve the standard power-law trend of the concentration-mass relation,210 yet
with different amplitudes and slopes.100,211 This remains valid even in the absence
of a screening mechanism as long as the linear growth is identical for all scales.211
On the other hand, for theories of gravity characterised by a linear scale-dependent
growth and a screening mechanism controlled by the local gravitational potential
(e.g. chameleon, symmetron, dilaton) the concentration-mass relation reveals a more
complex behaviour, typically described by a broken power-law.212 By employing
lensing data for a small sample of galaxy clusters, a recent analysis of their halo
concentrations found no evidence of deviations from GR.100 In the future, thanks
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to redshift evolution information for large cluster samples becoming accessible with
forthcoming surveys, the concentration-mass relation will be able to reach its full
potential as a probe of gravity.
In some cases galaxy clusters have been observed to possess a coherent rotational
velocity component (see, e.g., Ref. 213 and references therein), which could result
from the inital angular momentum of their primordial cloud, recent mergers or inter-
actions with close neighbours.214,215 Observational techniques to detect this feature
range from measuring the cluster-centric line-of-sight velocity of cluster galaxies to
mapping distortions in the temperature and polarisation of the CMB photons.216
In this context, the effect of a scalar fifth force is that of shifting the overall rota-
tional velocity distribution of a cluster sample to slightly higher values.198,217 Given
the smallness of the signal, the selection of fully unscreened systems (i.e. low-mass
galaxy groups) from the next generation of cluster surveys178,179,193 will be crucial
to constrain departures from standard gravity at a competitive level. Furthermore,
complementary information from high-quality spectra of cluster members181 and of
the intra-cluster gas,218 together with high-resolution measurements of the thermal
and kinematic SZ effects194 will be necessary to reduce critical systematic uncer-
tainties.
The radial distribution of dark matter and galaxies in clusters present a char-
acteristic feature marking the physical scale where the accreted material is turning
around for the first time after infall. This is known as the splashback radius.219–221
Its location can be extracted from lensing and galaxy profiles,222–224 with the two
type of measurements showing interesting differences. In fact, contrary to dark mat-
ter particles, galaxies experience dynamical friction when moving through the clus-
ter’s halo.225,226 The effect is larger for more massive galaxies, and in turn reduces
their splashback radius.227 The higher infall velocities in modified gravity increase
the splashback radius of dark matter particles while simultaneously weakening the
impact of dynamical friction on the motion of galaxies, which effectively changes
the relation between lensing and galaxy observations.228 For viable theories, depar-
tures from splashback predictions in GR are of the order of a few percent, whereas
current measurements in galaxy profiles are limited by systematic uncertainties at
the 10 percent level.223 Similar uncertainties, although statistical in nature, domi-
nate lensing measurements at present.224 With surveys like LSST,179 Euclid178 and
WFIRST180 both measurement techniques will reach enough statistical power to
distinguish cosmologically interesting models, which upon careful control of sys-
tematics will make the splashback radius a valuable addition to the numerous tests
of gravity on cluster scales.
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